
 Thei hA

we now know how to start with an ideal and get an
algebraic set What about goingthe other direction

Again let k be an algebraically closed field R kC i xD
let XEIA be any subset

Def The Kal of X I X is the set of polynomials in R
That vanish on X i e

I x f cRtf P O ht Pe X

Note This is in fact an ideal check

Naively If looks like an inverse of VC Not exactly

Ed consider X REAL V t x o 1A

Ex Consider J y y ni E GCx y
y ni

Reallocus
J Vy nV xD

ooo I J polynomials s t f o.o O

x y F J



In general how does J compare to I v J

If f c J then f P O f PeV J feI V J

so J E Ifv J We can say more though

Det let 12 be a ring I E R an ideal The radical of I
is fI a cRI ane I some n o

Fulton calls this Rad I

Note I ETI

I is a radical ideal if VE I

lemma TI is an ideal a radical ideal

Pf a b e VI ah b c I some n m 0

So a b
htm

dig aibt so isn or j m
i jmtn

a b m c I a b cVE

If c c R then ca c a c I ca e TI TI an ideal

Consider FIT If a c then a ETI some h 0 so

Ahmet some m 0 so a c TI TI is radical D



lem ma let R kCx in

a If JER an ideal then FTE ICV J

b If X EW turn XEVCI XI

PI a If f cTJ then f c J some n For PEV J

f P o FCP O f c I VCD

b Let PEX Then it f c I x f P O D

Corollaries Exercise check these
1 X EY I X 3 ICY

2 I 6 kCx xn I 1A o

3 I Cai an x a Tu au for ai c k

4 I X is a radical ideal

5 I TI for I E kCx xn an ideal

Examples i

l Cuspidal plane curve

te t.BE z µ

Is this an algebraic set

For a point x g EX we have x3 y2 0 so X EV x3 y



For the reverse inclusion if a b c Vfx y2

choose t s t t a Then as b O t b Thus
It b WLOG t b so a b t2 f3 c X

Tedious and ad hoc but once we havemore machinery it will be
easier

2 Let I x y x y C x y What'sVCI

Geometrically I V x y
2 f Vfx y2

fV xtiy UVfx iy n v x y UV x yl
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Moreeasily I x2 y TI x y I 0,01


